Mathematical model of filtration under conditions of
variable porosity taking into account biocolmatage
https://doi.org/10.31713/MCIT.2020.36
Martyniuk Petro Mykolayovych
Department of Computer Science and Applied Mathematics
The National University of Water and Environmental
Engineering
Rivne, Ukraine
p.m.martyniuk@nuwm.edu.ua

Michuta Olga Romanivna
Department of Computer Science and Applied Mathematics
The National University of Water and Environmental
Engineering
Rivne, Ukraine
o.r.michuta@nuwm.edu.ua

Ivanchuk Natalia Vitaliivna
Department of Computer Science and Applied Mathematics
The National University of Water and Environmental Engineering
Rivne, Ukraine
n.v.medvid@nuwm.edu.ua

Abstract—The authors' research concerns the equations of
filtration in soils taking into account the growth of
microorganisms. A review of works, statement of research
problems and a mathematical model of filtration of an organic
substances solution, taking into account the effect of
biocolmatage was conducted (Abstract)
Keywords—filtering; biocolmatage; mathematical model (key
words)

I. INTRODUCTION
In [1-5] the processes of filtration, moisture transfer,
compaction in soils in case of exposure to inorganic chemicals
were studied by methods of mathematical and computer
modelling. From the point of view of practically important
problems the specified processes concern pollution of
environment by industrial productions waste. However, no less
significant influence on the processes in porous media can have
organic matter. The source of such pollution can be household
waste storage facilities. When organic matter enters the soil,
one of the factors influencing the change in the hydrological
parameters of the porous medium is the development of
microorganisms and, as a consequence, the change in the
porosity of the medium itself. This is evidenced by the
following review of scientific papers on the impact of
increasing the biomass of microorganisms on the filtration
parameters of soils. The development of microorganisms leads
to a decrease in the effective porosity of the medium, which is
manifested in the phenomenon of biocolmatage.
In [6] there are presented the results of field experiments on
the study of the influence of biocolmatage on the hydraulic
conductivity of sandy soil. The author provides a thorough
analysis of the known dependences of the filtration coefficient
on the change in porosity as a result of microbial activity.

In [7], the influence of microbial development on the
filtration coefficient of a mixture of silt and bentonite was
investigated (three samples with a bentonite content of 0%,
5%, 10% were studied). In the study of nutrient solution
filtration on the 540th day from the beginning of the study, the
filtration coefficient of all soil samples decreased by almost an
order of magnitude. If the researchers then changed the
nutrients to antibiotics and antifungal, then on the 720th day
(180 days after the change) the filtration rate acquired values
typical of the beginning of the experiment. In [8], field
experiments showed that the value of the filtration coefficient
of soil samples decreases by an order of magnitude 12 days
after the start of tests for the filtration of organic matter.
In [9], the authors conducted a theoretical assessment of the
effect of the presence of biomass in a porous medium on the
change in permeability (in the sense of liquid filtration) of this
medium. In particular, received
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where k  , k b - permeability coefficients of the "pure" porous
medium and the environment under the influence of microbial
activity; n f is the volume fraction of the biomass; n  is the
soil porosity. The mathematical model of dynamics of
microorganisms in the porous environment offered by authors
includes three basic equations: 1) the differential equation of
nutrient distribution; 2) the differential equation of distribution
and development of microbes in the pore fluid; 3) differential
equation that describes the dynamics of changes in the number
of microorganisms adsorbed by the skeleton of the porous
medium.
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II. MATHEMATICAL MODELS OF BIOMASS DYNAMICS IN A
POROUS ENVIRONMENT (REVIEW)
To mathematically describe the effect of biocolmatage, first
of all, there is a need to develop mathematical and computer
models of the microorganism dynamics in a porous
environment.
Article [10] is a thorough review work, which focuses on
models of development of microorganisms in the general biogeochemical dynamics (the paper contains more than 320
scientific sources from this area of research). The authors note
that historically the first model of the dynamics of
microorganisms was a model according to the Monod’s
equation of growth of microorganisms
dB
S
= µB = µmax B
,
dt
kS + S
where, according to the author's designations and definitions, B
is the biomass,  max is the maximum specific growth rate, S is
the concentration of the substrate, and k S is the Monod halfsaturation constant, that is, the substrate concentration when
 = . max . There are many modifications in this point
model, which include the presence of several types of
microorganisms, their interaction, the presence of biochemical
reactions and so on. Models of this type do not take into
account the mobility of microorganisms, one of the reasons is
the movement of groundwater or chemical solutions.
Therefore, other types of models of bio-geodynamics are those
based on the equation of the parabolic type (analogous to the
diffusion-convection equations). This is also noted in [11],
which provides an overview of mathematical models of the
dynamics of changes in the number of microorganisms. In
retrospect, the first were models based on ordinary differential
equations, and in recent decades such models have been
described by differential equations in second-order partial
derivatives and their systems.
In [12] it is proposed to improve the mathematical model of
the spread and development of bacteria in porous media by
taking into account the phenomenon of adsorption of
microorganisms by the solid skeleton of the porous medium.
This effect is taken into account in the one-dimensional
equation of bacterial transfer
ε

∂cb
=
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+ (rr − rc ) + (rgf − rdf ),
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where (according to the author's designations):
= Db ε

с b is the concentration of bacterial cells in the suspension
(kg/m3);  - porosity; D b - dispersion coefficient for bacterial
cells (m2/s); v p - pore water velocity (m/s); v g - the
sedimentation rate of bacteria (m/s); v c - chemotactic rate of

bacteria (m/s); rr - the rate of release of captured cells
(kg/m3s); rc - the rate of capture of suspended cells (kg/m3s);
3
rgf - the growth rate of freely suspended cells (kg/m s);

rdf - the rate of decay of freely suspended cells (kg/m3s).
Article [13] contains a broad overview of scientific sources
on this topic, theoretical generalizations and the results of field
experiments. The focus is on the phenomenon of biocolmatage,
which is caused by the development of microbial biomass in a
porous medium. The author identifies two types of biomass:
X w - suspended biomass (biomass of microorganisms in the
pore fluid) (expressed as biomass per unit volume of pore
water); X f - concentration of adsorbed biomass (expressed as
biomass per unit matrix mass). Change of X w is described by
the convection-diffusion equation
∂XW
=
∂t
growth

= ∇ ∙ (𝐃∇XW ) − ∇ ∙ (𝐮XW ) + rW

dec
− rW
− r det k + r att ,

where D - dispersion tensor; k – is the exchange rate between
the concentration of adsorbed and suspended biomass; r growth is the growth rate; r dec - rate of extinction (decay). Members
r growth and r dec depend on the supply of nutrients and other
conditions of the system. Also r dec - sticking speed and
att
r dec = k det X f , k det - as the coefficient of separation rate; r sticking speed. To determine this indicator, the authors [13]
note two dependencies in the scientific literature
r att = k att XW ,
where k att the rate coefficient determined from filtration
theory;
r att = (c1 nf + c2 )nXW ,
where n average porosity, n f volume fraction of biomass, and
c and c  parameters for calibration. It is proposed to describe
the dynamics of changes in the concentration of
microorganisms adsorbed by the skeleton of the porous
medium by the equation

X f

= rfgrowth − rfdec − r det + r att .
t
k
Similarly to the equation for X w , the indices "growth" and
"dec" above mean birth and death.
III. FILTRATION EQUATIONS TAKING INTO ACCOUNT THE
EFFECT OF BIO-COLMATAGE
The ideas of deriving the equations of filtration and
moisture transfer in the case of variable porosity are presented
in [1-3, 5]. Also in [5] these ideas are used to derive a modified
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kinematic condition on a moving free surface in the study of
filtration processes in the body of the soil dam. The idea is to
write the continuity equations for the components of the porous
medium through complete derivatives in time and to apply the
rules for calculating the derivatives of the composite functions.
We apply this approach in order to take into account the
influence of the dynamics of microorganisms and biocolmatage
processes on filtration processes in a porous medium.
In the porous area, select a rectangular parallelepiped with a
total volume V with sides dx , dy , dz , parallel to the
coordinate axes. Then, using the known approach, we obtain
the equation of continuity for the pore fluid
d
(V) +   (u)V = 
dt


where  -porosity,  - density of pore fluid, u - filtration rate.
Assume that impurities of organic substances in the pore liquid
are insignificant and their effect on the density  can be
neglected. Also, for now, consider the case of a nondeformable
porous medium. That is, the value of the allocated volume V is
constant over time. Then from the continuity equation we have
dσ
+ ∇ ∙ 𝐮 = 0.
(1)
dt
The change in porosity (X, t ) is due to a change in the
concentration of microorganisms, both adsorbed by the
skeleton of the porous medium and present in the pore fluid B s ( X, t ) and B w ( X, t ) . Here X = ( x , y, z) , t - time. Then

−

where 𝐊 𝐡 (σ) - rate (tensor) filtering, which depends on the
porosity and therefore - biomass of microorganisms in porous
media [10], the process also takes into account biokolmatage;
h - head.
IV. EQUATION OF CHANGE OF CONCENTRATION OF ORGANIC
SUBSTANCE IN PORE WATER
The equation of mass transfer in the liquid component is
obtained from the equation of continuity for the concentration c
of organic matter, taking into account the derivative of the
composite function and the above assumptions about the
density ρ

d(c)
+   q c = r,
dt

where   (X) - porosity of the "skeleton" of the porous
medium (porosity in the complete absence of microorganisms),
 B (B s , B w ) - biovolume (reduced to the unit volume of the
porous medium), which depends on the biomass of
microorganisms in the porous medium. We believe that in the
porous medium there are the same type of microorganisms, as
well as the same type of chemical solution. Note that
determining the interdependence of biovolume and biomass is
not a trivial task [14, 15].

()

where

q c = −Dc c + cu,

D c - is the coefficient (tensor) of the coefficients of convective
diffusion of organic matter in a porous medium, r - is the
function of chemical sources and effluents. Then from (2) we
obtain


σ(𝐗, t) = σ0 (𝐗) − σB (BS , BW )

∂σB ∂Bs ∂σB ∂BW
∙
−
∙
= ∇ ∙ (𝐊 𝐡 (σ)∇h),
∂Bs ∂t
∂BW ∂t

c
 d

=   (D c c ) − uc − c
+   u  + r.
t
 dt


()

Next from (3), taking into account (1), we obtain the final
form of the equation



∂c
=∇
∂t

(D c ∇ c)

u∇ c + r

The development of microorganisms occurs due to the
presence of dissolved organic substances in the pore water.
Therefore, in case of biomass consumption of nutrients we
have

Then
dσ d
dσB (BS , BW )
= (σ0 (𝐗) − σB (BS , BW )) = −
dt dt
dt
∂σB ∂BS ∂σB ∂BW
=−
∙
−
∙
.
∂BS ∂t
∂BW ∂t
Let's continue according to Darcy's law
𝐮 = −𝐊 𝐡 (σ)∇h
from (1) we have the filtration equation

r=−

  B w B f 

+
,
Y  t
t 

where Y is the bacterial yield.
V. MATHEMATICAL MODEL
Assume that the filtration is investigated in the region 
with boundary  . The mathematical model of the studied
interconnected processes in the soil will contain: 1) the
filtration equation; 2) the equation of change of concentration
of organic substances in pore water; 3) the equation of the
dynamics of microorganisms in the pore fluid; 4) the equation
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of the dynamics of microorganisms adsorbed by the skeleton of
the porous medium. In addition, the mathematical model
should be supplemented by the known dependences of the
filtration coefficient on the biovolume, as well as the function
of the interdependence of biovolume and biomass. Then
according to the above calculations we have the following
mathematical model:
−

∂σB ∂Bs ∂σB ∂BW
∙
−
∙
= ∇ ∙ (𝐊 𝐡 (σ)∇h),
∂Bs ∂t
∂BW ∂t
σ

∂с
= ∇ ∙ (𝐃𝐜 ∇c) − 𝐮∇c + r,
∂t
∂XW
=
∂t

= ∇ ∙ (𝐃∇XW ) − ∇ ∙ (𝐮XW ) +

growth
rW
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